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Abstract
In the standard model, a lower bound to the Higgs mass (for a given
top quark mass) exists if one requires that the standard model vacuum be
stable. This bound is calculated as precisely as possible, including the most
recent values of the strong and electroweak couplings, corrected two-loop
beta functions and radiative corrections to the Higgs and top quark masses.
In addition to being somewhat more precise, this work differs from previous
calculations in that the bounds are given in terms of the poles of the Higgs
and top quark propagators, rather than, for example, the “MS top quark
mass”. This difference can be as large as 6−10 GeV for the top quark mass,
which corresponds to as much as 15 GeV for the lower bound to the Higgs
mass. I concentrate on top quark masses between 130 and 150 GeV, and for
αs(MZ) = 0.117 find that (over that range) mH > 75 GeV + 1.64(mt −
140 GeV). This result increases (decreases) by 3 GeV if the strong coupling
decreases (increases) by 0.007, and is accurate to 1 GeV in mt and 2 GeV
in mH . If one allows for the standard model vacuum to be unstable, then
weaker bounds can be obtained–these are also discussed.
The highly successful standard model still has two missing ingredients:
the top quark and the Higgs boson. The Higgs boson mass can have any
value up to approximately 600 − 800 GeV, whereas the top quark mass is
restricted by analysis of radiative corrections at LEP [1] to values below
approximately 200 GeV. The strongest restriction on the allowed mass values
comes from the requirement of vacuum stability. If the top quark is too heavy,
then its contribution (which is negative) to the beta function for the scalar
self-coupling is sufficiently large to drive that coupling to negative values,
destabilizing the vacuum. Requiring that the standard model vacuum be
the ground state of the model leads to a lower bound on the Higgs mass
(for a given top quark mass); for top quark masses between 130 and 150
GeV, this Higgs mass lower bound ranges from 65 to 100 GeV. Even if one
allows for the standard model vacuum to be unstable, weaker bounds can
be obtained from the requirement that the universe arrive in the standard
model vacuum and remain there for ten billion years. One must also require
that high energy cosmic ray collisions not touch off the decay of the vacuum.
These bounds are all discussed in detail in Ref. [2]. After that article ap-
peared, several improvements in the bounds were made. Lindner et al.[3] cal-
culated the vacuum stability bound using two-loop beta function, anomalous
dimensions and Higgs mass correction terms. Arnold and Vokos[4] showed
that the requirement that thermal fluctuations in the early Universe not be
strong enough to force the Universe out of the correct vacuum is stronger
than the requirement that it stay there for at least ten billion years. Ellis
et al.[5] considered the question of cosmic ray nucleation of the transition,
including recent results on multiparticle production of Higgs bosons at high
energies.
More recently, Ford, Jones, Stephenson and Einhorn[6] performed a de-
tailed study of the effective potential and the renormalization group through
two-loops. They repeated the vacuum stability calculation of Lindner et al.
In addition to putting previous calculations on a sounder theoretical foot-
ing, their work was an improvement in several respects. They corrected a
typographical error in the two-loop beta function for the scalar self-coupling
which appeared in the original calculation of this quantity, and they used
much more precise values for the gauge coupling constants. However, in
their calculation, they used tree-level values for the top quark and Higgs
masses and, as we will see, corrections to the Higgs mass can be 1-2 GeV
and corrections to the top quark mass can be as large as 8 GeV.
In this Letter, I will recalculate all of the above bounds, including the
typographical error correction, precise values of the gauge coupling constants
and higher order corrections to the Higgs and top quark masses. In partic-
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ular, results will be given for the allowed region of masses, where masses
are give by the pole of the Higgs propagator and the pole of the top quark
propagator (all previous calculations just determined the MS value of the
top quark mass at some scale). These results will be accurate (given the
strong coupling constant) to within a GeV.
Why should one consider determining the bounds to such precision? Re-
cently, several top quark candidates have been seen at CDF and D0. Al-
though not enough statistics exists for a claim of a top quark discovery,
these events combined with the results from electroweak radiative correc-
tions do point towards a top quark mass between 130 and 150 GeV. Over
this region, the stability bound corresponds to a lower bound on the Higgs
mass which varies from approximately 65 GeV (for a top mass of 130 GeV)
to 100 GeV (for a top mass of 150 GeV). This bound is precisely in the range
to be explored by LEP II within the next two to three years, and one would
like to have a precise determination. I will thus focus on the top quark mass
range from 130 to 150 GeV.
The bound arising from vacuum stability is discussed in detail in Ref.
2. In short, it arises because the top quark Yukawa coupling gives a nega-
tive contribution to the beta function of the scalar self-coupling. If the top
quark is sufficiently heavy, this causes the scalar self-coupling to decrease
with scale, eventually becoming negative. At this point, the value of the ef-
fective potential becomes negative and drops lower than the standard model
vacuum. The calculation can be simplified greatly by noting that, for the
top quark mass range of interest, the instability only sets in at scales much
larger than 10 TeV (see, for example, the figure in Ref. 3). At these scales,
the quadratic term in the potential is utterly negligible, and the potential
can be written (at large scales) as
V =
1
4
λ(t)G4(t)φ4 (01)
where
G ≡ exp

−
t∫
0
dt′
γ
1− γ


dλ
dt
=
β
1− γ
dgk
dt
=
βgk
1− γ
(02)
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Here, gk refers to the gauge and Yukawa couplings, t ≡ log(φ/M), and the
β and γ functions depend on all of the couplings in the model. Clearly, the
standard model vacuum will be unstable if λ(t) becomes negative.
To determine if the standard model vacuum is unstable, one simply has
to start with initial values of λ, g, g′, gs and gY at some scale which I will
choose to be MZ . The equations
dλ
dt
= β
dgk
dt
= βgk
(03)
are then integrated up to a large scale (the instability will typically set in
at some point between 106 and 1010 GeV) to see if λ becomes negative.
For top quark masses in the range of interest, the value of β at low scales
is always negative. Since the top quark Yukawa coupling itself falls with
scale, the value of β at high scales is typically positive. As a result, λ(t)
will fall with scale until some minimum is reached, and then rise. If this
minimum is above zero, the standard model vacuum is stable (see Ref. 6
for a very clear discussion). Note that the anomalous dimension factors
have been absorbed into the definition of φ, since the precise location of
the instability is irrelevant[6]. Two-loop beta functions are used throughout;
they are explicitly written out in Ref. [6].
Thus, one can determine whether the vacuum is unstable for initial values
of λ, g, g′, gs and gY at the scale MZ . (The MS renormalization scheme is
used throughout.) Now, these parameters must be related to measureable
quantities. The gauge couplings in the MS scheme are given by[7]
g(MZ) = .6502 ± .002
g′(MZ) = .3578 ± .001
(04)
For the strong coupling constant, we will choose a range of values given by
αs = .117± .007.
The two remaining parameters are λ and gY . The relationship between
λ in the MS scheme and the Higgs mass was calculated in Ref. [8]. It is
given by
λ(MZ) =
Gµ√
2
M2H [1 + δ(MZ)] (05)
where δ(MZ) contains the radiative corrections and is given explicitly in Ref.
[7]. However, M2H is not, strictly speaking, the Higgs mass. From Ref. [8],
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one can see that it is the curvature of the potential at the minimum. The
inverse scalar propagator can be written as −iG−1(p) = p2−m2−Σ(p), where
Σ(p) is the scalar self-energy. Expanding this about p2 = m2, and using the
fact that the curvature of the potential is the inverse propagator at zero
external momentum, one easily finds that the pole of the scalar propagator
occurs at
m2H =
(
1 +
dΣ
dp2
∣∣
p2=m2
)
M2H (06)
The p-dependent part of Σ can easily be found, and this correction factor
(which is generally less than one percent) determined.
Finally, we need to relate the top quark mass to gY (MZ). In Ref. [6],
the expression mt = gY (MZ)σ/
√
2 was used, where σ is the vacuum expec-
tation value of the Higgs field (note that σ receives extremely small radiative
corrections, as shown in [7]). In Ref. [3], it was argued that an appropriate
definition of the top quark mass was half the energy needed to pair produce
them, i.e. mt = gY (2Mt)σ/
√
2. Each of these definitions, however, neglects a
very large QCD correction. The most appropriate definition of the top quark
mass is the pole of the propagator, which is related to the MS definition of
the mass by the expression (see Ref. [7] for an extensive discussion):
Mt
mt(Mt)
= 1 +
4
3
αs(Mt)
π
+ 10.91
(
αs(Mt)
π
)2
(07)
This correction can be very large, as much as 6 percent, or 8 − 10 GeV
over the range of interest. The correction swamps most of the other correc-
tion factors. Due to uncalculated three-loop effects, it is itself uncertain by
roughly one GeV. At present, one therefore cannot calculate the bound any
more precisely.
Putting all of this together, I find the result in Fig. [1]. The stability
bound has been listed for three values of the strong coupling constant, which
span the likely range of values. Changing the SU(2) and U(1) couplings over
the allowed range of their values changes the Higgs mass bound by only 20
MeV. Although the curves are not precisely linear, a linear function can be
found which is valid to the accuracy stated in the previous paragraph (1 GeV
in the top quark mass, or 2 GeV in the Higgs mass) over the range from 130
to 150 GeV:
mH > 75 + 1.64(mt − 140) − 3
(
αs − .117
.007
)
, (08)
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in units of GeV. For the ranges of top mass between 120 and 130 GeV, or
betwenn 150 and Note that this differs by approximately 10 GeV from the
recent work of Ref. [6] due to the more 160 GeV, this formula underestimates
the bound by approximately 2 GeV. precise definition of the top quark mass.
I now turn to the other bounds discussed in the introduction. If the
vacuum is unstable, then its lifetime must be less than approximately ten
billion years. The techniques for calculating the lifetime of a metastable
vacuum state are reviewed in detail in Ref. [2]. In natural units, the volume
of our past light cone is M−4Z e
404, and the nucleation rate per unit time
per unit volume is φ4oe
−SE , where φo is the value of the field just after the
transition and SE is the Euclidean action. Although these quantities can be
found numerically, an extremely accurate analytical approximation can be
found in the work of Arnold[11], who shows that the requirement that the
lifetime exceed ten billion years is essentially the same as the requirement
that
max
λ(t)<0
(
φ4e−S
)
<∼M4Ze−404 (09)
Here, S = 8π2/3|λ(t)|, and one finds the maximum value of the term in
parentheses over the range of t for which λ is negative. If this range extends
past the unification scale, it will be cut off at that point; this has very little
effect on the results. This requirement can be written as
min
λ(t)<0
(
8π2
3|λ(t)| − 4t
)
> 404.
A stronger requirement can be obtained by considering the possibility that
thermal fluctuations in the early universe cause the universe to fall into the
true vacuum. Arnold and Vokos, following work of Anderson, showed that
this condition is stronger than the above, and they find that one must have
min
λ(t)<0
(
1 +
6πξ(t)
λ(t)
)
<∼ 232,
where 12ξ(t) ≡ 9g2(t)/4+3g′2/4+3g2Y (t)+6λ(t). These bounds are plotted
in Fig. [2].
Finally, if the vacuum is unstable, yet satisfies the bounds in the previous
paragraph, one still must consider the possibility that high energy cosmic
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ray collisions touch off the transition (as they do, for example, in bubble
chambers). As first pointed out by Arnold[11], it is not simply sufficient
for the cosmic ray collision to have enough center of mass energy to get
over the potential energy barrier. Rather, the collision must also produce
a coherent state of a large number of Higgs bosons. Here, the controversy
concerning the cross section for multiparticle production at high energies
becomes relevant. Some have argued[9] that the cross section is suppressed
by a factor of exp(−8π2/g2); some have argued[10] that the cross section
is at or near the unitarity limit. If it turns out that the cross section is
exponentially suppressed, then cosmic rays will not touch off the transition
under any circumstances. However, if the cross section is near the unitarity
limit, then they might induce the transition if they have enough energy to
produce a very large number of Higgs bosons. This is discussed in detail in
Ref. [5]. Using the formalism described there, and assuming that the cosmic
ray collision creates a spherical distribution of Higgs bosons, I find that only
a very small region of parameter space allowed by the bounds in the above
paragraph can be excluded
⋆
In this Letter, I have calculated the vacuum stability bound in the stan-
dard model as precisely as possible. Higher precision would require calcu-
lating the three-loop QCD corrections to the top quark mass; and since the
uncertainty in the strong coupling constant will dominate such corrections,
such a calculation would not be productive. One can see from Fig. 1 that, if
the top quark mass is between 130 and 150 GeV, this bound will be defini-
tively tested at LEP II. Should the bound be violated, one could consider
the possibility that our vacuum is unstable; Fig. 2 shows how the bounds
are weaker if this possibility is allowed. Failure to satisfy these latter bounds
will rule out the minimal standard model; extensions of the standard model
will have significantly different bounds[2]
⋆ If the collision produces an asymmetric collision, then a larger region of parameter
space will be excluded, but there are greater uncertainties.
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FIGURE CAPTIONS
1. Vacuum stability bound in the standard model for three values of the
strong coupling constant αs (in the MS scheme). In the region below
the lines, the standard model vacuum is unstable.
2. For αs = 0.117, the vacuum stability bound from Fig. 1 is plotted
as the solid line[S]. Below this line, the standard model vacuum is
unstable. Below the dashed line[TF], thermal fluctuations in the early
universe will cause the universe to enter the true vacuum; below the
dot-dashed line[QF], the lifetime of our vacuum is less than ten billion
years. Thus, the region below the dashed line is ruled out. In the
region below the dotted line[CR], cosmic rays would have induced the
transition if the multiparticle production rate at high energies is at or
near the unitarity limit; the region below the dotted line thus may be
ruled out as well.
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